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In this paper, we have studied nonstationary radiative spherically symmetric spacetime, in general
covariant theory (U(1) extension) of the Horˇava-Lifshitz gravity with the minimum coupling, in the
post-newtonian approximation (PPN), without the projectability condition and in the infrared limit.
The Newtonian prepotential ϕ was assumed null. We have shown that there is not the analogue of
the Vaidya’s solution in the Horˇava-Lifshitz Theory (HLT) with the minimum coupling, as we know
in the General Relativity Theory (GRT).
PACS numbers: 04.50.Kd; 98.80.-k; 98.80.Bp
I. INTRODUCTION
Since its publication, the Horˇava-Lifshitz gravity the-
ory (HLT) [1] [2] has draw a lot of interest primar-
ily due to its prospects to solve the perturbative non-
renormalizability of quantized standard Einstein grav-
ity at the expense of breaking relativistic invariance at
very high energies, while restoring it at low energies. Af-
ter that, further deep connections of the Horˇava-Lifshitz
formalism to the condensed matter physics were discov-
ered within the framework of the gauge/gravity duality
(holography).
Unfortunately, the original Horˇava formulation was
contaminated by a number of serious problems which
have caused the development of various non-trivial modi-
fications. One of the promising latter modifications is the
one without the so called projectability condition and
with an additional Abelian gauge symmetry, which in
particular solves the problem with the unphysical scalar
graviton. Due to the extensive works in this area, we
suggest to the reader the references [3]-[36].
In order to establish the physical relevance of any mod-
ification of the Horˇava-Lifshitz gravity it is very impor-
tant to check that the latter reproduce the known phys-
ically feasible properties of the standard Einstein’s Gen-
eral Relativity (EGR) at low energies. Within this con-
dition, we have checked whether the non-projectable ver-
sion of the Horˇava-Lifshitz gravity with the extra U(1)
∗On leave from 1
†Electronic address: otaviosama@gmail.com
‡Electronic address: mfasnic@gmail.com
§Electronic address: chan@on.br
¶Electronic address: gpinheiro.fisica@gmail.com
gauge symmetry contains in the low energy limit solu-
tions of Vaidya-type [39]. The answer was negative and,
therefore, led us to the important conclusion that in order
to establish consistency with the EGR at low energies the
gauge field associated with the extra U(1) gauge symme-
try of the enlarged non-projectable Horˇava-Lifshitz grav-
ity should have some interaction with the pure radiation
matter generating the Vaidya spacetime geometry.
In a recent paper, Lin et al. (2014) [37], have proposed
a universal coupling between the gravity and matter in
the framework of the Horˇava-Lifshitz theory of gravity
with an extra U(1) symmetry for both the projectable
and non-projectable cases. Then, using this universal
coupling they have studied the PPN approximations and
they have obtained the PPN parameters in terms of the
coupling constants of the theory.
In this present work, using the results of Lin et
al. (2014) [37] we have studied nonstationary radiative
spherically symmetric spacetime, in the general covari-
ant theory (U(1) extension) of the Horˇava-Lifshitz grav-
ity with a minimum coupling [37], in the PPN approxi-
mation, without the projectability condition and in the
infrared limit. We will analyze if the Vaidya’s spacetime
can be described as a null radiation fluid in the general
covariant HLT of gravity without the projectability con-
dition [23, 24]. In Section II we present a brief introduc-
tion to the HLT with the minimum coupling [37] consid-
ered here and we present the field equations of the HLT
modified. In Section III we show the Vaidya’s spacetime,
expressed in ADM decomposition[38]. In Section IV we
present the HLT equations in the PPN approximation,
for the infrared limit. In Section V we analyze all the
possible solution for the HLT field equations. In Section
VI we discuss the results. Finally, in the Appendix A we
present some quantities necessary in the HLT field equa-
tions with minimum coupling and without projectability
2[37].
II. GENERAL COVARIANT
HORˇAVA-LIFSHITZ GRAVITY WITH MINIMUM
COUPLING AND WITHOUT PROJECTABILITY
In this section, we shall give a very brief introduction
to the general covariant HLT gravity with the minimum
coupling and without the projectability condition. For
detail, we refer readers to [23, 24, 37].
The Arnowitt-Deser-Misner (ADM) form is given by
[38],
ds2 = −N2dt2 + gij
(
dxi +N idt
) (
dxj +N jdt
)
,
(i, j = 1, 2, 3), (1)
where the nonprojectability condition imposes that N =
N(t, xi).
In the work of Lin et al. (2014) [37] it is proposed
that, in the IR limit, it is possible to have matter fields
universally couple to the ADM components through the
transformations
N˜ = FN, N˜ i = N i +Ngij∇jϕ,
g˜ij = Ω
2gij , (2)
with
F = 1− a1σ, Ω = 1− a2σ, (3)
where
σ ≡ A−A
N
,
A ≡ −ϕ˙+N i∇iϕ+ 1
2
N
(∇iϕ) (∇iϕ) ,
(4)
and where A and ϕ are the the gauge field and the New-
tonian prepotential, respectively, and a1 and a2 are two
arbitrary coupling constants. Note that by setting the
first terms in F and Ω to unity, we have used the free-
dom to rescale the units of time and space. We also have
N˜i = Ω
2 (Ni +N∇iϕ) , g˜ij = Ω−2gij . (5)
Considering the exposed before, the matter action can
be written as
Sm =
∫
dtd3xN˜
√
g˜ L˜m
(
N˜ , N˜i, g˜ij ;ψn
)
, (6)
where ψn collectively stands for matter fields. One can
then define the matter stress-energy in the ADM decom-
position, with the minimum coupling.
Thus, the total action of the theory can be written as,
S = ζ2
∫
dtd3x
√
gN
(
LK − LV + LA + Lϕ + LS +
1
ζ2
LM
)
, (7)
where g = det(gij), N is given in the equation (1) and
LK = KijKij − λK2,
LV = γ0ζ2 −
(
β0aia
i − γ1R
)
+
1
ζ2
(
γ2R
2 + γ3RijR
ij
)
+
1
ζ2
[
β1
(
aia
i
)2
+ β2
(
ai i
)2
+ β3
(
aia
i
)
aj j
+β4a
ijaij + β5
(
aia
i
)
R+ β6aiajR
ij + β7Ra
i
i
]
+
1
ζ4
[
γ5CijC
ij + β8
(
∆ai
)2 ]
,
LA = A
N
(
2Λg −R
)
,
Lϕ = ϕGij
(
2Kij +∇i∇jϕ+ ai∇jϕ
)
+(1− λ)
[(
∆ϕ+ ai∇iϕ
)2
+ 2
(
∆ϕ+ ai∇iϕ
)
K
]
+
1
3
Gˆijlk
[
4 (∇i∇jϕ) a(k∇l)ϕ
+ 5
(
a(i∇j)ϕ
)
a(k∇l)ϕ+ 2
(∇(iϕ) aj)(k∇l)ϕ
+6Kija(l∇k)ϕ
]
,
LS = σaS , (8)
where
aS = σ1aia
i + σ2a
i
i, (9)
ζ2 =
1
16piG
, (10)
where G denotes the Newtonian constant, LM is the La-
grangian of matter fields, Gˆijlk = gilgjk − gijgkl [31].
Here ∆ ≡ gij∇i∇j , Λg is the cosmological constant, and
all the coefficients, βn and γn, are dimensionless and ar-
bitrary. Note that if a1 = a2 = σ1 = σ2 = 0 we recover
the HLT without any coupling with the matter [39].
In order to be consistent with observations in the in-
frared limit [37], we assume that
β1 = β2 = β3 = β4 = β5 = β6 = β7 = β8 = β9 = 0,
(11)
γ0 = γ2 = γ3 = γ4 = γ5 = γ6 = γ7 = γ8 = γ9 = 0, (12)
implying that
Λg ≡ 1
2
ζ2γ0 = 0. (13)
For the PPN approximation in minimum coupling the-
ory, we have
β0 = −2(γ1 + 1), (14)
a1 = a2 = 0, (15)
3σ1 = 0, (16)
σ2 = 4(1− a1) = 4. (17)
Then, for the choice of the parameters above, we have
N˜ = N, (18)
N˜ i = N i, (19)
and
g˜ij = gij . (20)
Cij denotes the Cotton tensor, defined by
Cij =
eikl√
g
∇k
(
Rjl −
1
4
Rδjl
)
, (21)
with e123 = 1. Using the Bianchi identities, one can show
that CijC
ij can be written in terms of the five indepen-
dent sixth-order derivative terms in the form
CijC
ij =
1
2
R3 − 5
2
RRijR
ij + 3RijR
j
kR
k
i +
3
8
R∆R
+(∇iRjk)
(∇iRjk)+∇kGk, (22)
where
Gk =
1
2
Rjk∇jR−Rij∇jRik − 3
8
R∇kR. (23)
The Ricci and Riemann tensors Rij and R
i
jkl all refer
to the 3-metric gij , with Rij = R
k
ikj and
Rijkl = gikRjl + gjlRik − gjkRil − gilRjk
−1
2
(gikgjl − gilgjk)R,
Kij ≡ 1
2N
(−g˙ij +∇iNj +∇jNi) ,
Gij ≡ Rij − 1
2
gijR+ Λggij ,
ai ≡ N,i
N
, aij ≡ ∇jai,
(24)
where Ni is defined in the ADM form of the metric [38],
given by equation (1).
The variations of the action S (7) with respect to N
and N i give rise to the Hamiltonian and momentum con-
straints,
LK + LV + FV − Fϕ − Fλ +HS = 8piGJ t, (25)
M iS +∇j
{
piij − (1 − λ)gij(∇2ϕ+ ak∇kϕ)
− ϕGij − Gˆijklal∇kϕ
}
= 8piGJ i, (26)
where
HS = 2σ1
N
∇i
[
ai (A−A)]− σ2
N
∇2 (A−A)
+
1
2
∇jϕ∇jϕ,
M iS = −
1
2
aS∇iϕ,
J i = −N δLM
δNi
, J t = 2
δ(NLM )
δN
,
piij = −Kij + λKgij , (27)
with and FV , Fϕ and Fλ are given in the Appendix A.
Variations of S with respect to ϕ and A yield, respec-
tively,
1
2
Gij(2Kij +∇i∇jϕ+ a(i∇j)ϕ)
+
1
2N
{
Gij∇j∇i(Nϕ)− Gij∇j(Nϕai)
}
− 1
N
Gˆijkl
{
∇(k(al)NKij) +
2
3
∇(k(al)N∇i∇jϕ)
−2
3
∇(j∇i)(Na(l∇k)ϕ) +
5
3
∇j(Naiak∇lϕ)
+
2
3
∇j(Naik∇lϕ)
}
+ΣS
+
1− λ
N
{
∇2 [N(∇2ϕ+ ak∇kϕ) ]
−∇i[N(∇2ϕ+ ak∇kϕ)ai]
+∇2(NK)−∇i(NKai)
}
= 8piGJϕ, (28)
where
ΣS = − 1
2N
{
1√
g
∂
∂t
[
√
gaS ]
−∇k
[(
Nk +N∇kϕ) aS]
}
(29)
and
R − 2Λg − aS = 8piGJA, (30)
where
Jϕ = −δLM
δϕ
, JA = 2
δ(NLM )
δA
. (31)
On the other hand, the variation of S with respect to
gij yields the dynamical equations,
1√
gN
∂
∂t
(√
gpiij
)
+ 2(KikKjk − λKKij)
−1
2
gijLK + 1
N
∇k(piikN j + pikjN i − piijNk)
+F ij − F ijS −
1
2
gijLS + F ija −
1
2
gijLA + F ijϕ
− 1
N
(ARij + gij∇2A−∇j∇iA) = 8piGτ ij , (32)
4where
τ ij =
2√
gN
δ(
√
gNLM )
δgij
,
(33)
and F ij , F ijS , F
ij
a and F
ij
ϕ are given in the Appendix A.
III. VAIDYA’S SPACETIME
The Vaidya’s spacetime with an ingoing null dust usu-
ally written in the form [32],
ds2 = −
(
1− 2m(v)
r
)
dv2 + 2dvdr + r2dΩ2, (34)
where dΩ2 ≡ dθ2 + sin2 θdφ2, and the corresponding
energy-momentum tensor is given by
Tµν = ρ(v, r)lµlν , (35)
with
ρ =
2
r2
dm
dv
, lµ = −δvµ. (36)
Hereinafter, the Newtonian prepotential ϕ is assumed
null and G = c = 1.
Introducing a time-like coordinate t via the relation,
v = 2(t+ r), the metric (34) can be cast in the form,
ds2 = − r
M
dt2 +
4M
r
[
dr +
(
1− r
2M
)
dt
]2
+r2dΩ2, (37)
where
M ≡M(V ) = 2m(v), V ≡ t+ r. (38)
From equation (37), we immediately obtain
N =
√
r
M
, N i =
(
1− r
2M
)
δir,
grr =
4M
r
, gθθ = r
2, gφφ = r
2 sin2 θ, (39)
and
Ni ≡ gijN j = −2
(
1− 2M
r
)
δri ,
grr =
r
4M
, gθθ =
1
r2
, gφφ =
1
r2 sin2 θ
, (40)
ρ =
M∗
2r2
, lµ = −2
(
δtµ + δ
r
µ
)
, (41)
where M∗ ≡ dM/dV .
Since M = M(V ), introducing another independent
variable, U = t− r, we can find that
M ′ = M˙ =
1
2
M∗, (42)
since dM(V )/dU = 0.
Then, we find that the non null metric components are
(4)gtt = −
(
N2 −NiN i
)
= −4
r
(M − r) ,
(4)gti = Ni =
2
r
(2M − r) δri ,
(4)grr = grr =
4M
r
,
(4)gθθ = gθθ = r
2,
(4)gφφ = gφφ = r
2 sin2 θ,
(4)gtt = − 1
N2
= −M
r
(4)gti =
N i
N2
=
M
r
(
1− r
2M
)
δir,
(4)grr = 1− M
r
,
(4)gθθ =
1
r2
,
(4)gφφ =
1
r2 sin2 θ
,
(43)
(4)gtt = 1,
(4)grr = 1,
(4)gθθ = 1,
(4)gφφ = 1.
(44)
For the projection tensor the non null components are
(4)hrt = 1−
r
2M
,
(4)hrr = 1,
(4)hθθ = 1,
(4)hφφ = 1.
(45)
Then, it can be shown that
nµ = Nδ
t
µ =
√
r
M
,
nµ ≡ (4)gµνnν = − 1
N
(
δµt −N iδµi
)
=
√
M
r
[
−δµt +
(
1− r
2M
)
δµr
]
, (46)
hµν =
(4)gµν + n
µnν ,
hrt = 1−
r
2M
,
hrr = 1,
hθθ = 1,
hφφ = 1, (47)
5Ji = Tµνn
µhνi
=
1
r2
√
M
r
dM
dV
δri
=
1
r2
√
M
r
(M˙ +M ′)δri , (48)
τij = Tµνh
µ
i h
ν
j
=
8M
r3
dM
dV
δri δ
r
j
=
8M
r3
(M˙ +M ′)δri δ
r
j , (49)
(50)
where the prime and dot denotes the partial differentia-
tion in relation to the coordinate r and t, respectively.
IV. INFRARED LIMIT
In the infrared limit we must have
Jt = −2ρ. (51)
Besides, hereinafter, we have assumed that λ = 1.
Thus we have
Krr =
2M ′Mr +M ′r2 − 2M˙Mr − 2M2 −Mr√
r/MMr2
,
Kθθ =
r(2M − r)
2
√
r/MM
,
Kφφ = sin
2 θ
r(2M − r)
2
√
r/MM
,
K =
2M ′Mr +M ′r2 − 2M˙Mr + 6M2 − 5Mr
4
√
r/MM2r
,
Rrr =
M ′r −M
Mr2
,
Rθθ =
M ′r2 + 8M2 − 3Mr
8M2
,
Rφφ = sin
2 θ
M ′r2 + 8M2 − 3Mr
8M2
, (52)
R =
M ′r2 + 4M2 − 2Mr
2M2r2
, (53)
and
LK = 1
16M3r3
× [(λ− 1)(−4M ′2M2r2 − 4M ′2Mr3 −
M ′2r4 + 8M˙M ′M2r2 + 4M˙M ′Mr3 +
9M2r2 + 8M ′M2r2 − 4M˙M2r2 −
4M˙2M2r2 − 36M4 + 28M3r + 2M ′Mr3)−
8(3λ+ 1)M3r(M ′ − M˙) + λ(8M ′Mr3 −
16M˙M2r2 + 32M3r − 16M2r2)]. (54)
LV = 1
2M2r2
[M ′r2γ1 + 4M
2 − 2Mr] (55)
FV =
1
8M3r
[
4M ′′Mr2γ1 + 4M
′′Mr2 − 7M ′2r2γ1−
7M ′2r2 + 14M ′Mrγ1 + 14M
′Mr − 7M2γ1−
7M2
]
, (56)
HS = 1
8M5r3
×
[√
r
M
A′M4r2(4M ′r − 20M)−
4M ′′′M2r4 + 30M ′′M ′Mr4 + 8M ′′M3r2−
16M ′′M2r3 − 35M ′3r4 − 12M ′2M2r2+
40M ′2Mr3 − 24M ′M3r + 13M ′M2r2−
60M4 + 6M3r
]
. (57)
From equation (26) we have
H = LK + LV + FV +HS = 8piJ t = 1
16M5r3
×[
4(λ− 1)(−M ′2M4r2 −M ′2M3r3+
2M ′M˙M4r2 +M ′M˙M3r3 + 2M ′M4r2−
M˙2M4r2 − 9M6) + 8(1 + 3λ)M5r(M˙ −M ′)+
8
√
r
M
A′M4r2(M ′r − 5M)− 8M ′′M2r4+
60M ′′M ′Mr4 + 8M ′′M3r4(γ1 + 1)+
16M ′′M3r2 − 32M ′′M2r3 − 70M ′3r4 − (14γ1+
λ)M ′2M2r4 + (36γ1 + 10λ)M
′M3r3+
4(1− 5λ)M˙M4r2 + 2(30λ− 14)M5r−
5(1 + 5λ)M4r2 − 13M ′2M2r4 − 24M ′2M2r2+
8M ′2Mr3 + 26M ′M3r3 − 48M ′M3r+
26M ′M2r2 + 32M5rγ1 − 30M4r2γ1−
120M4 + 12M3r
]
, (58)
Jr =
1
8
√
r
M
M3r2
×
[(λ − 1)(−4M˙ ′M2r2 + 4M ′′M2r2 + 2M ′′Mr3 −
2M ′2Mr2 − 3M ′2r3 + 2M ′M˙Mr2 +
4M ′M2r + 6M ′Mr2 + 5M2r − 18M3) +
M˙M2r(2λ+ 6)], (59)
JA =
1
4M3r2
[
2M ′′Mr3 − 3M ′2r3 + 8M ′Mr2+
8M3 − 7M2r] , (60)
Jϕ =
1
64
√
r/MM5r3
×
6{
(λ− 1)[16M˙ ′M2r3(M −M ′r)+
4M2r4(−2M ′′′M −M ′′′r + 2M˙ ′′M)+
2M ′′MR4(10M ′M + 11M ′r − 2M˙M)+
M ′2r4(−10M ′M − 21M ′r + 10MM˙)−
4M ′M˙M2r3]+√
r
M
[16M ′′′M2r4(2M − r)−
M ′′M ′Mr4(104r − 176M)+
M ′′M2r3(80M − 56r)+
M ′3r4(168M − 108r)+
M ′2Mr3(180r − 216M)−
36M ′M2r2(2M + r)+
12M3r(10M − 3r)] + λ(−28M ′′M3r3−
26M ′′M2r4 + 22M ′2M2r2 + 51M ′2Mr4−
30M ′M3r2 − 15M ′M2r3 − 6M˙M3r2+
18M4r − 15M3r2)− 16M ′′M3r4+
12M ′′M3r3 + 34M ′′M2r4 + 24M ′2M2r4+
2M ′2M2r3 − 71M ′2Mr4 − 32M ′M4r−
48M ′M3r3 − 26M ′M3r2 + 59M ′M2r3+
32M˙M4r − 2M˙M3r2 + 32M5+
24M4r2 + 14M4r − 9M3r2} . (61)
From the dynamical equation (32) we have
Drr = 8piτ00 =
drr
128
√
r/MM4r2
, (62)
where
drr =
√
r
M
[
4(λ− 1)
(
M˙2M2r2 − 4 ˙˙MM3r2−
27M4 +M ′′Mr2(4M2 − r2) + 4M˙ ′M2r3−
3M ′M˙Mr3 − 3M ′2Mr2(M + r2)+
6M ′M2r2 + 2M˙M ′M2r2
)
+ 116M3r+
M ′2r4(5λ+ 2γ1 − 3) + 8M˙M3r(7λ+ 5)−
2M ′Mr3(2γ1 − λ+ 3)+
7M2r2(3− 2γ1 − 5λ) + 4M3r(8γ1 − 21)−
4M2r(2M ′M + M˙r)(λ + 3)
]
+
8AM2r(4M − r) − 16A′M2r3. (63)
Dθθ = 8piτθθ =
dθθ
32
√
r/MM3r3
, (64)
where
dθθ =
√
r
M
[
4(λ− 1)
(
M ′
2
Mr2(M + r)−
M˙M ′Mr2(2M + r) + 10M3r(M˙ −M ′)−
2M ′M2r2 + M˙2M2r2 + M˙M2r2+
9M4 +M3r
)
+ λ(32M˙ ′M3r2−
16M˙2M3r2 − 7M ′2r4) + 4M ′′Mr4(λ + γ1)−
16M ′′M3r2 −M ′2r4(10γ1 + 3)+
2M ′Mr3(11λ+ 10γ1 − 1)−
5M2r2(3λ− 2γ1 + 1)
]− 8A′′M2r4 +
4A′Mr3(M ′r − 3M) + 4AMr2(M ′r −M), (65)
Dφφ = 8piτφφ = Dθθsin2 θ. (66)
V. POSSIBLE SOLUTION
We are looking for a HLT solution which is equivalent
to the Vaidya’s solution in GRT. In the minimum cou-
pling theory, we can see that JA = 0, since N˜ does not
depend on A (since a1 = a2 = 0) in the Vaidya’s space-
time [see equation (4.11) in [37]]. Then, since JA = 0,
from equation (60) we have
2Mr3M ′′ − 3r3M ′2r2 + 8Mr2M ′ + 8M3 − 7M2r = 0.
(67)
Using the equations U = t− r and V = t+ r and the
fact that M =M(V ), we can write that
M ′ = M˙ =
1
2
M∗ =
1
2
dM
dV
, (68)
and
M ′′ =
1
4
d2M
dV 2
. (69)
Using these equations we can rewrite equation the (67)
as
1
16
M(V − U)3 d
2M
dV 2
− 3
32
(V − U)3
(
dM
dV
)2
+
M(V − U)2 dM
dV
+ 8M3 − 7
2
M2(V − U) = 0.
(70)
Deriving the equation (70) three times in relation to U
we get
− 3
8
M
d2M
dV 2
+
9
16
(
dM
dV
)2
= 0, (71)
whose solution is
M(V ) =
4
(c1V + c2)2
, (72)
where c1 and c2 are constants. Substituting equation (72)
into (70) we get
6c21(V − U)3 − 6c21(c1V + c2)2(V − U)3 −
32c1(c1V + c2)
2(V − U)2 + 512(c1V + c2)−
56(c1V + c2)
2(V − U) = 0. (73)
This equation can not be identically null since c1V +c2 6=
0.
7VI. CONCLUSION
In this paper, we have analyzed nonstationary radia-
tive spherically symmetric spacetime, in general covari-
ant theory of Horˇava-Lifshitz gravity with the minimum
coupling, without the projectability condition, in the
PPN approximation and in the infrared limit. The New-
tonian prepotential ϕ was assumed null.
In our previously paper [39] we have concluded that
it does not exist a Vaidya’s solution, as we know in the
GRT. The unknowing coupling with the matter was the
reason for that result.
Now we can conclude at the present work that, using
the minimal coupling with matter, in the way proposed
in [37], there is not a solution in the HLT like the solution
of Vaidya, as we know in GRT. This result can suggest
that this theory needs to be treated more carefully as a
generalization of the GRT. Therefore, there is not any
guarantee that starting from a given well-defined metric
in the GRT, this will lead to a solution in the HLT, whose
infrared limit coincides with the corresponding solution
of the GRT.
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VII. APPENDIX A: DEFINITION OF F ij , F
ij
S ,
F ija , F
ij
ϕ AND F
ij
S
The quantities F ij , F ijS , F
ij
a , F
ij
ϕ and F
ij
S are given by
F ij =
1√
gN
δ(−√gNLRV )
δgij
=
∑
s=0
γˆsζ
ns(Fs)
ij , (74)
F ijS = −σ
(
σ1a
iaj + σ2a
ij
)
+
aS
2
[
(∇iϕ)(∇jϕ) + 2N
(i∇j)ϕ
N
]
+
σ2
N
∇(i[aj)(A−A)]− gij σ2
2N
∇k[ak(A−A)],
F ija =
1√
gN
δ(−√gNLaV )
δgij
=
∑
s=0
βsζ
ms(F as )
ij , (75)
F ijϕ =
1√
gN
δ(−√gNLϕV )
δgij
=
∑
s=0
µs(F
ϕ
s )
ij ,
F ijS = −σ
(
σ1a
iaj + σ2a
ij
)
+
aS
2
[
(∇iϕ)(∇jϕ) + 2N
(i∇j)ϕ
N
]
+
σ2
N
∇(i[aj)(A−A)]− gij σ2
2N
∇k[ak(A−A)],
(76)
with
γˆs =
(
γ0, γ1, γ2, γ3,
1
2
γ5,−5
2
γ5, 3γ5,
3
8
γ5, γ5,
1
2
γ5
)
,
ns = (2, 0,−2,−2,−4,−4,−4,−4,−4,−4),
ms = (0,−2,−2,−2,−2,−2,−2,−2,−4),
µs =
(
2, 1, 1, 2,
4
3
,
5
3
,
2
3
, 1− λ, 2 − 2λ
)
. (77)
Thus, FV , Fϕ and Fλ are given, respectively, by
FV = β0(2a
i
i + aia
i)− β1
ζ2
[
3(aia
i)2 + 4∇i(akakai)
]
+
β2
ζ2
[
(aii)
2 +
2
N
∇2(Nakk)
]
+
β3
ζ2
[
− (aiai)ajj − 2∇i(ajjai) +
1
N
∇2(Naiai)
]
+
β4
ζ2
[
aija
ij +
2
N
∇j∇i(Naij)
]
+
β5
ζ2
[
−R(aiai)− 2∇i(Rai)
]
+
β6
ζ2
[
− aiajRij −∇i(ajRij)−∇j(aiRij)
]
+
β7
ζ2
[
Raii +
1
N
∇2(NR)
]
+
β8
ζ4
[
(∆ai)2 − 2
N
∇i[∆(N∆ai)]
]
, (78)
Fϕ = −Gij∇iϕ∇jϕ,− 2
N
Gˆijkl∇l(NKij∇kϕ),
−4
3
[
Gˆijkl∇l(∇kϕ∇i∇jϕ)
]
8+
5
3
[
− Gˆijkl [(ai∇jϕ)(ak∇lϕ) +∇i(ak∇jϕ∇lϕ)
+∇k(ai∇jϕ∇lϕ)]
]
+
2
3
[
Gˆijkl [aik∇jϕ∇lϕ+ 1
N
∇i∇k(N∇jϕ∇lϕ)]
]
,
(79)
Fλ = (1− λ)
{
(∇2ϕ+ ai∇iϕ)2 − 2
N
∇i(NK∇iϕ)
− 2
N
∇i[N(∇2ϕ+ ai∇iϕ)∇iϕ]
}
. (80)
(Fn)ij , (F
a
s )ij and
(
Fϕq
)
ij
, defined in equation (33),
are given, respectively, by
(F0)ij = −1
2
gij ,
(F1)ij = Rij − 1
2
Rgij +
1
N
(gij∇2N −∇j∇iN),
(F2)ij = −1
2
gijR
2 + 2RRij
+
2
N
[
gij∇2(NR)−∇j∇i(NR)
]
,
(F3)ij = −1
2
gijRmnR
mn + 2RikR
k
j
+
1
N
[
− 2∇k∇(i(NRkj))
+∇2(NRij) + gij∇m∇n(NRmn)
]
,
(F4)ij = −1
2
gijR
3 + 3R2Rij
+
3
N
(
gij∇2 −∇j∇i
)
(NR2),
(F5)ij = −1
2
gijRRmnR
mn
+RijRmnR
mn + 2RRikR
k
j
+
1
N
[
gij∇2(NRmnRmn)
−∇j∇i(NRmnRmn)
+∇2(NRRij) + gij∇m∇n(NRRmn)
−2∇m∇(i(Rmj)NR)
]
,
(F6)ij = −1
2
gijR
m
n R
n
l R
l
m + 3R
mnRmiRnj
+
3
2N
[
gij∇m∇n(NRma Rna)
+∇2(NRmiRmj )− 2∇m∇(i(NRj)nRmn)
]
,
(F7)ij = −1
2
gijR∇2R+Rij∇2R+R∇i∇jR
+
1
N
[
gij∇2(N∇2R)−∇j∇i(N∇2R)
+Rij∇2(NR) + gij∇4(NR)−∇j∇i(∇2(NR))
−∇(j(NR∇i)R) +
1
2
gij∇k(NR∇kR)
]
,
(F8)ij = −1
2
gij(∇mRnl)2 + 2∇mRni ∇mRnj
+∇iRmn∇jRmn + 1
N
[
2∇n∇(i∇m(N∇mRnj))
−∇2∇m(N∇mRij)− gij∇n∇p∇m(N∇mRnp)
−2∇m(NRl(i∇mRlj))− 2∇n(NRl(i∇j)Rnl)
+2∇k(NRkl∇(iRlj))
]
,
(F9)ij = −1
2
gijakG
k +
1
2
[
akRk(j∇i)R+ a(iRj)k∇kR
]
−akRmi∇jRmk − akRn(i∇nRj)k
−1
2
[
aiR
km∇mRkj + ajRkm∇mRki
]
−3
8
a(iR∇j)R+
3
8
{
R∇k(Nak)Rij
+gij∇2
[
R∇k(Nak)
]
−∇i∇j
[
R∇k(Nak)
]}
+
1
4N
{
− 1
2
∇m
[
∇(iNaj)∇mR+∇(i(∇j)R)Nam
]
+∇2(Na(i∇j)R) + gij∇m∇n(Nam∇nR)
+∇m
[
∇(i(∇j)Rkm)Nak +∇(i(∇mRkj))Nak
]
−2∇2(Nak∇(iRkj))− 2gij∇m∇n(Nak∇(nRkm))
−∇m
[
∇i∇p(NajRpm +NamRpj )
+∇j∇p(NaiRpm +NamRpi )
]
+2∇2∇p(Na(iRpj))
+2gij∇m∇n∇p(Na(nRm)p)
}
,
(81)
(F a0 )ij = −
1
2
gija
kak + aiaj ,
(F a1 )ij = −
1
2
gij(aka
k)2 + 2(aka
k)aiaj ,
(F a2 )ij = −
1
2
gij(a
k
k)
2 + 2akkaij
− 1
N
[
2∇(i(Naj)akk)− gij∇α(aαNakk)
]
,
(F a3 )ij = −
1
2
gij(aka
k)aββ + a
k
kaiaj + aka
kaij
− 1
N
[
∇(i(Naj)akak)−
1
2
gij∇α(aαNakak)
]
,
(F a4 )ij = −
1
2
gija
mnamn + 2a
k
i akj
9− 1
N
[
∇k(2Na(iaj)k −Naijak)
]
,
(F a5 )ij = −
1
2
gij(aka
k)R + aiajR+ a
kakRij
+
1
N
[
gij∇2(Nakak)−∇i∇j(Nakak)
]
,
(F a6 )ij = −
1
2
gijamanR
mn + 2amRm(iaj)
− 1
2N
[
2∇k∇(i(aj)Nak)−∇2(Naiaj)
−gij∇m∇n(Naman)
]
,
(F a7 )ij = −
1
2
gijRa
k
k + a
k
kRij +Raij
+
1
N
[
gij∇2(Nakk)−∇i∇j(Nakk)
−∇(i(NRaj)) +
1
2
gij∇k(NRak)
]
,
(F a8 )ij = −
1
2
gij(∆ak)
2 + (∆ai)(∆aj) + 2∆a
k∇(i∇j)ak
+
1
N
[
∇k[a(i∇k(N∆aj)) + a(i∇j)(N∆ak)
−ak∇(i(N∆aj)) + gijNaβk∆aβ −Naij∆ak]
−2∇(i(Naj)k∆ak)
]
, (82)
(Fϕ1 )ij = −
1
2
gijϕGmnKmn
+
1
2
√
gN
∂t(
√
gϕGij)− 2ϕKν(iRj)ν
+
1
2
ϕ(KRij +KijR− 2KijΛg)
+
1
2N
{
Gij∇k(ϕNk)− 2Gk(i∇k(Nj)ϕ)
+gij∇2(NϕK)−∇i∇j(NϕK)
+2∇k∇(i(Kj)kϕN),
−∇2(NϕKij)− gij∇α∇β(NϕKαβ)
}
,
(Fϕ2 )ij = −
1
2
gijϕGmn∇m∇nϕ
−2ϕ∇(i∇kRj)k +
1
2
ϕ(R − 2Λg)∇i∇jϕ
− 1
N
{
− 1
2
(Rij + gij∇2 −∇i∇j)(Nϕ∇2ϕ)
−∇k∇(i(Nϕ∇k∇j)ϕ) +
1
2
∇2(Nϕ∇i∇jϕ)
+
gij
2
∇α∇β(Nϕ∇α∇βϕ)
−Gk(i∇k(Nϕ∇j)ϕ) +
1
2
Gij∇k(Nϕ∇kϕ)
}
,
(Fϕ3 )ij = −
1
2
gijϕGmnam∇nϕ
−ϕ(a(iRj)k∇kϕ+ akRk(i∇j)ϕ)
+
1
2
(R − 2Λg)ϕa(i∇j)ϕ
− 1
N
{
− 1
2
(Rij + gij∇2 −∇i∇j)(Nϕak∇kϕ)
−1
2
∇k
[
∇(i(∇j)ϕNϕ) +∇(i(aj)ϕN∇kϕ)
]
+
1
2
∇2(Nϕa(i∇j)ϕ)
+
gij
2
∇α∇β(Nϕaα∇βϕ)
}
,
(Fϕ4 )ij = −
1
2
gij GˆmnklKmna(k∇l)ϕ
+
1
2
√
gN
∂t[
√
gG klij a(l∇k)ϕ]
+
1
2N
∇α
[
aαN(i∇j)ϕ+N(iaj)∇αϕ
−Nαa(i∇j)ϕ+ 2gijNαak∇kϕ
]
+
1
N
∇(i(NNj)ak∇kϕ)
+akKk(i∇j)ϕ+ a(iKj)k∇kϕ
−Ka(i∇j)ϕ−Kijak∇kϕ,
(Fϕ5 )ij = −
1
2
gij Gˆmnkl[a(k∇l)ϕ][∇m∇nϕ]
−a(i∇k∇j)ϕ∇kϕ− ak∇k∇(iϕ∇j)ϕ
+a(i∇j)ϕ∇2ϕ+ ak∇kϕ∇i∇jϕ
+
1
2N
{
∇k(Nϕak∇iϕ∇jϕ)
−2∇(i(N∇j)ϕak∇kϕ)
+gij∇α(∇αϕak∇kϕ)
}
,
(Fϕ6 )ij = −
1
2
gij Gˆmnkl[a(m∇n)ϕ][a(k∇l)ϕ]
−1
2
(ak∇iϕ− ai∇kϕ)(ak∇jϕ− aj∇kϕ),
(Fϕ7 )ij = −
1
2
gij Gˆmnkl[∇(nϕ][am)(k][∇l)ϕ]
−1
2
akk∇iϕ∇jϕ−
1
2
aij∇kϕ∇kϕ
+ak(i∇j)ϕ∇kϕ−
1
2N
{
−∇(i(Naj)∇kϕ∇kϕ)
+∇k(Na(i∇j)ϕ∇kϕ)
+
gij
2
∇k(Nak∇mϕ∇mϕ)
−1
2
∇k(Nak∇iϕ∇jϕ)
}
,
(Fϕ8 )ij = −
1
2
gij(∇2ϕ+ ak∇kϕ)2
−2(∇2ϕ+ ak∇kϕ)(∇i∇jϕ+ ai∇jϕ)
− 1
N
{
− 2∇(j [N∇i)ϕ(∇2ϕ+ ak∇kϕ)]
10
+gij∇α[N(∇2ϕ+ ak∇kϕ)∇αϕ]
}
,
(Fϕ9 )ij = −
1
2
gij(∇2ϕ+ ak∇kϕ)K
−(∇2ϕ+ ak∇kϕ)Kij
−(∇i∇jϕ+ ai∇jϕ)K
+
1
2
√
gN
∂t[
√
g(∇2ϕ+ ak∇kϕ)gij ]
− 1
N
{
−∇(j [Ni)(∇2ϕ+ ak∇kϕ)]
+
1
2
gij∇α[Nα(∇2ϕ+ ak∇kϕ)]
−∇(j(NK∇i)ϕ) +
1
2
gij∇k(NK∇kϕ)
}
.
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